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Understanding the flat thermal conductivity of La2Zr2O7 at ultrahigh temperatures
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Many crystals, such as lanthanum zirconate (La2Zr2O7), exhibit a flat temperature dependence of ther-
mal conductivity at elevated temperatures. This phenomenon has recently been attributed to the interband
phonon tunneling (or diffuson) contribution using different formalisms. However, the contributions of finite-
temperature corrections (e.g., higher-order phonon scattering, phonon renormalization, and phonon-scattering
cross-section softening effects) and radiation at high temperatures remain unclear. In this work, we pre-
dict and compare the thermal conductivity of La2Zr2O7 using three distinct first-principles methods. The
first method is Green-Kubo molecular dynamics (MD) based on temperature-dependent machine-learning
interatomic potentials trained from ab initio MD simulations, which successfully predict the flat trend at
ultrahigh temperatures. The second method is the Peierls Boltzmann transport equation (BTE), within the
phonon particle framework, using phonon lifetime that includes all the finite-temperature corrections. Four-
phonon scattering is found large but is canceled by the phonon-scattering cross-section softening effect.
As a result, BTE with temperature corrections does not reproduce the flat thermal conductivity. The third
method is Wigner formalism, which includes both phonon particle and wave contributions, which suc-
cessfully reproduce the flat thermal conductivity. Diffuson and phonon contribute about 67 and 27% of
thermal conductivity at 1800 K, respectively. The radiation contribution to thermal conductivity is calculated
by the Rosseland model and found to be around 6%. The scaling laws of the phonon, diffuson, radia-
tion, and total thermal conductivity are found to be ∼ T −0.97, ∼ T 0.43, ∼ T 2.01, and ∼ T −0.40, respectively.
This work clarifies the thermal transport mechanisms in La2Zr2O7 at ultrahigh temperatures from different
aspects.
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I. INTRODUCTION

Thermal barrier coatings are vital for many cutting-edge
technologies that require high-temperatures environment [1]
such as nuclear power plants [2], hypersonic vehicles [3],
thermal energy storage [4], advanced turbines [5], etc. Among
the emerging thermal barrier coating materials, lanthanum zir-
conate (La2Zr2O7) stands out due to its exceptional properties,
including ultrahigh melting point, physical stability, thermal
compatibility, and ultralow thermal conductivity (κ) [6,7].
To utilize and engineer La2Zr2O7-based composites, it is
necessary to understand their intrinsic thermal transport
mechanisms at ultrahigh temperatures. This may also shed
light on the properties of many other A2B2O7-type of thermal
barrier coating materials.

Heat in crystals is primarily carried by the quanta of
lattice vibration, namely, phonons. Thermal resistance is a
result of phonon scattering, which includes three-phonon
scattering (3ph, the lowest-order scattering mechanism) and
four-phonon scattering (4ph, a higher-order mechanism). The
3ph rate, τ−1

3 ∼ n ∼ T , increases linearly with phonon pop-
ulation (n) and temperature (T) at elevated temperatures,
resulting in the commonly seen κ ∼ T −1 decay trend for
crystals. Recently, it has been recognized that 4ph is important
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at high temperatures since τ−1
4 ∼ n2 ∼ T 2 increases quadrat-

ically with phonon population and temperature. With 4ph,
the thermal conductivity of crystals under the phonon particle
framework can decay faster than T −1, i.e., with κ ∼ T −α>1

at high temperatures. However, the thermal conductivity of
La2Zr2O7 shows a flat temperature dependence of thermal
conductivity at elevated temperatures [6,8–12], which chal-
lenges the phonon particle and Peierls Boltzmann transport
equation (BTE) frameworks.

The high-temperature flat thermal conductivity of complex
crystals has very recently been interpreted using the diffuson
picture, emphasizing interband phonon tunneling beyond the
conventional phonon particle (or Peierls BTE) framework.
Specifically, it has been argued that as temperature rises,
phonons may become ill-defined when their lifetime (τ ) be-
comes smaller than period (P), or mean free path (MFP)
becomes shorter than wavelength or than the minimum atomic
distance [13]. In this scenario, phonons cannot be treated
as particles only, and their wavelike nature allows them to
tunnel between close eigenstates. The diffuson picture has
been implemented in many theoretical models to explain
the flat thermal conductivity for many materials [14–18]. A
most recent and rigorous theory that can be integrated with
first-principles calculations is the Wigner formalism [19,20],
developed by Simoncelli et al. Based on the Wigner formal-
ism, for complex crystals that have small interband spacing
or large phonon linewidth broadening, diffuson can dominate
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FIG. 1. Methodology employed in this work.

heat transport, leading to a glasslike temperature dependence
of thermal conductivity at elevated temperatures.

Apart from the diffuson theory, the finite-temperature
corrections within the phonon particle (or Peierls BTE)
framework were also found to cause the flat thermal conduc-
tivity for some materials at high temperatures [21–24]. The
aforementioned decreasing trend of κ ∼ T −α>1 is built on the
assumption that all the phonon properties, except for phonon
population, including phonon dispersion and scattering cross
section (probability), are based on the lattice structure and
interatomic force constants (FCs) at 0 K or ground state (GS).
If the temperature-dependent effects, including the finite-
temperature corrections to the lattice constant as well as the
second-, third-, and fourth-order interatomic force constants,
are considered, the κ ∼ T −α trend would be changed and
flattened. Specifically, the correction to the lattice constant
and second-order FCs can change the phonon dispersion and
then decrease three-phonon scattering phase spaces [25]. The
correction to the third- and fourth-order FCs can decrease
the phonon-scattering cross sections [26]. All these factors
tend to decrease the phonon-scattering rate, compensating for
the increasing trend caused by the increased phonon popula-
tion with temperature. As a result, the thermal conductivity
would not decrease as fast as κ ∼ T −α>1. This effect is ma-
terial dependent. In the case of La2Zr2O7, while the diffuson
picture has been employed to elucidate the flat trend in ther-
mal conductivity at ultrahigh temperatures [17,20], the role
of 4ph- and finite-temperature corrections remains unclear.
These factors as mentioned above can affect the temperature
trend at ultrahigh temperatures significantly. Additionally,
determining the extent to which diffuson contributes to the
observed flat trend at ultrahigh temperatures requires further
investigation.

In this work, we predict and compare the thermal con-
ductivity of La2Zr2O7 using three distinct first-principles
methods. The first method is Green-Kubo molecular dynamics
(GKMD) based on temperature-dependent machine-learning
interatomic potentials (MLIPs) [27] trained from ab initio
molecular dynamics (AIMD) simulations [28,29]. GKMD ef-
fectively captures all finite-temperature corrections and all
orders of anharmonicities. Thermal expansion is considered in
MD simulations. The second method is the Peierls Boltzmann

transport equation, within the phonon particle framework, in-
cluding all temperature corrections. Since the calculations of
temperature-dependent fourth-order force constants and four-
phonon scattering are extremely time-consuming, we employ
phonon spectral energy density (SED) analysis based on MD
trajectories to extract phonon lifetime. The SED method can
naturally include all finite-temperature corrections and all
orders of anharmonicities. The third method is the Wigner
formalism. In addition, radiation contribution to thermal con-
ductivity is rigorously calculated to clarify the long-standing
question about its contribution to the flat (increasing) trend of
experimental data.

The remainder of this paper is organized as follows. In
Sec. II, we explain the methodology, which includes Sec. II A,
quasiharmonic approximation (QHA) for thermal expansion
coefficient (TEC) calculation; Sec. II B, the training and
testing processes of MLIP; Sec. II C, thermal conductivity
calculations by GKMD simulations; Sec. II D, thermal con-
ductivity calculations by BTE with lifetime obtained from
SED; and Sec. II E, thermal conductivity calculations by
the Wigner formalism. In Sec. III, we present the TEC re-
sults (Sec. III A); MLIP training and testing (Sec. III B);
thermal conductivity obtained from GKMD (Sec. III C);
phonon lifetime and thermal conductivity by SED-BTE
(Sec. III D); phonon and diffuson thermal conductivity by
Wigner formalism (Sec. III E); and photon contribution to
thermal conductivity (Sec. III F). The conclusions are sum-
marized in Sec. IV.

II. METHODOLOGY

The methodology workflow of this work is summarized in
Fig. 1. First, the primitive cell of La2Zr2O7 is relaxed at the
ground state. Then, the thermal expansion coefficient is calcu-
lated within the framework of quasiharmonic approximation.
With TEC applied, ab initio molecular dynamics simulations
are performed at various temperatures to construct a training
database for machine-learning interatomic potential. With the
obtained machine-learning interatomic potential, we first run
molecular dynamics and utilize Green-Kubo theory to obtain
thermal conductivity, κGKMD. Based on molecular dynamics
trajectories, mode-dependent phonon lifetimes are extracted
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by using phonon spectral energy density analysis at different
temperatures. These phonon lifetimes are used to calculate
thermal conductivity within phonon particle and Peierls BTE
frameworks, i.e., κSED. Apart from this, second-, third-, and
fourth-order interatomic force constants are computed using
finite-difference method based on the relaxed structure. The
Wigner formalism is used to calculate the phonon particle and
diffuson wavelike contribution, namely, κphonon and κdiffuson,
respectively, using the phonon lifetime obtained based on the
FCs. Last but not least, we rigorously calculate the radiation
contribution to thermal conductivity using the Lorentz oscil-
lator model combined with the Rosseland model.

A. Thermal expansion coefficient

To account for the effect of thermal expansion, the linear
TEC αL of La2Zr2O7 is calculated using the QHA as [30,31]

αL(T ) ≡ 1

a(T )

da(T )

dT

= − kB

3NqVcB

∑
λ

γλ

( x

2

)2[
1 − coth2

( x

2

)]
, (1)

where a is lattice constant as a function of temperature T, kB

is the Boltzmann constant, Nq is the number of q points, Vc

is the volume of the primitive cell, x stands for h̄ω/kBT , h̄ is
the reduced Planck’s constant, and ω is the phonon angular
frequency. λ ≡ (q, j) is a shorthand notation for a phonon
mode with wave vector q and polarization branch j. The
summation goes over all the 3Nqnb phonon modes, where
nb = 22, the number of basis atoms in each primitive cell.
B is the bulk modulus and is calculated by B = −V dP/dV ,
which measures the ability to withstand changes in volume
V with pressure P. In this work, B = −V dP/dV is calcu-
lated by measuring the pressure change of simulation domain
at different volumes at the ground state. γλ is the mode-
dependent Grüneisen parameter, which can be obtained via
two approaches. One is quasiharmonic approximation, which
is to calculate the phonon dispersion at different cell vol-
umes and then measure the relative frequency change with
the relative cell volume change, given by its definition γλ =
−V/ω · ∂ω/∂V . The other approach is to use the third-order
anharmonic force constants [32,33], ignoring the higher-order
anharmonic force constants. The obtained linear TEC is ap-
plied to the following GKMD and SED calculations at each
temperature. Based on Eq. (1), the temperature-dependent
lattice constant a(T ) can be obtained by

a(T ) = a0 K exp
∫ T

0
αL(T ) dT . (2)

Note that the αL(T ) represents the instant lattice-constant
change around the given temperature T . This is different
from some reports [34], where the thermal expansion coeffi-
cient, labeled as α∗

L(T ) here, is defined as the lattice-constant
change relative to a fixed temperature, often room tempera-
ture: α∗

L(T ) ≡ a(T )−a300 K
a300 K ·(T −300 K) �= αL(T ).

All the calculations are performed within the density-
functional theory (DFT) framework using Vienna Ab initio
Simulation Package (VASP) [35]. The calculations employ
the projector augmented-wave [36] method and the PBEsol

exchange-correlation functional [37,38] with a plane-wave
energy cutoff of 500 eV. The ground-state lattice constants
and atomic positions are relaxed with a 6 × 6 × 6 k mesh,
an electron-energy convergence threshold of 10−8 eV, and
a force convergence threshold of 10−5 eV/Å. The second-
order force constants and phonon dispersion are calculated
by PHONOPY [39]. The Grüneisen parameter calculation from
the third-order anharmonic force constants are conducted by
using SHENGBTE [32,33].

B. Moment tensor potential

In the past decade, several types of machine-learning in-
teratomic potentials were developed to fit the ab initio energy
potential surface, which were found to have higher accuracy
than empirical analytical formula-based potentials [40–42].
Among them, the moment tensor potential (MTP) developed
by Novikov et al. using the MLIP package [27] has been
proven to exhibit small error and low computational cost
simultaneously [43]. Therefore, we take advantage of MTP
to describe the interatomic interactions in La2Zr2O7. The
training database is prepared by ab initio molecular dynamics
using VASP [35] with canonical ensemble (NVT) and time
step of 2 fs. The plane-wave energy cutoff is 500 eV with
10−7−eV electron-energy convergence threshold and a �-
point only k mesh to accelerate the simulation. A supercell
of 2 × 2 × 2 primitive cells containing 176 atoms is adopted
in the simulation domain. The temperatures used in AIMD
are 300, 1200, 1500, and 1800 K, with TEC applied to the lat-
tice constant correspondingly. Four independent AIMDs with
randomly displaced initial atomic positions are performed
for each temperature to better sample the potential-energy
surface. Each simulation is about 1.3 ps long. Atomic posi-
tions, energies, forces, and stresses are recorded to construct
the training (19 548 snapshots) and testing (502 snapshots)
database. An MTP is trained to account for the atomic inter-
actions of temperatures ranging from 300 to 1800 K. Before
the training process, the potential level test is conducted. A
higher-level potential contains more fitting parameters and
requires a larger computational load. After selecting an ap-
propriate level, we train the MTP with 1000 iteration steps
with the minimum and maximum atomic interaction cutoffs
of 1.2 and 5.0 Å, respectively. The minimum cutoff is smaller
than the minimum atomic distance in both training and testing
database. The maximum cutoff is large enough to include the
dominant interatomic interactions, and smaller than half of
the AIMD simulation dimension so that it can be applied to
any extended structures. Root-mean-square error (RMSE) is
selected to evaluate the potential quality.

C. Green-Kubo molecular dynamics

Once the MTP with a low error is developed, GKMD is
performed by using the LAMMPS package [44] to obtain the
lattice thermal conductivity. A 4 × 4 × 4 supercell of con-
ventional cell containing 5632 atoms is adopted. The size
effect is studied systematically as shown in Sec. III. The time
step of GKMD is 1 fs, and periodic boundary conditions are
implemented in all three directions. The simulation is carried
out first by 0.2-ns NVT, a 0.2-ns NVE to stabilize the system,
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FIG. 2. (a) Temperature-dependent relative lattice constant [a(T )/a300 K] of La2Zr2O7 predicted in this work compared to the experimental
data. (b) Linear thermal expansion coefficient [αL (T )]. Experimental data: Lehmann et al., 2003 [57], Wang et al., 2009 [58], and Zhang et al.,
2012 [56].

and another 2-ns NVE to calculate the heat-current autocorre-
lation function. The correlation time is set as 50 ps, which is
long enough to capture the fluctuation dissipation since most
phonon modes have a lifetime much shorter than this. Based
on the Kubo formula [28,29], κGKMD is obtained as

κGKMD = 1

3kBT 2V

∫ ∞

0
〈 �J (0) · ⇀

J (t )〉dt, (3)

where V is the volume of the total simulation domain, T is

temperature,
⇀

J (t ) is the heat current, and the angular bracket
represents an autocorrelation. To eliminate the intrinsic sta-
tistical error of GKMD, four independent runs with different
initial velocities are conducted and averaged. The ratio be-
tween the total simulation time of the last NVE and the
correlation time is larger than 300, which is found suffi-
cient [45]. The error bar is presented by calculating standard
error [45]. Note that the temperatures focused on in this study
are relatively high, and the difference between classical and
quantum statistics is negligible.

D. Phonon spectral energy density analysis and thermal
conductivity

SED analysis can extract phonon lifetimes from MD tra-
jectories that naturally incorporate all temperature effects and
all orders of anharmonicity. SED is a Fourier transformation
of velocity normal-mode coordinates and can be fitted by the
Lorentzian function for each phonon mode to get the linewidth
and frequency [46,47]. The phonon SED 
s(q, ω) for a given
q and branch j is calculated as


 j (q, ω) = |q̇q, j (ω)|2 =
∣∣∣∣
∫ +∞

0
q̇q, j (t )e−iωt dt

∣∣∣∣
2

, (4)

where q̇q, j (ω) is the Fourier transformation of the time deriva-
tive of normal-mode coordinates, q̇q, j (t ):

q̇q, j (t ) =
3∑
α

nb∑
b

e∗b
α (q, j)

Nc∑
l

√
mb

Nc
u̇l,b

α (t ) exp
(
iq · rl

0

)
, (5)

where e∗ is the complex conjugate of the eigenvector com-
ponent, u̇(t ) is time-dependent atomic velocity, r0 is the
equilibrium position, m is mass, nb is the number of basis
atoms in one unit cell, Nc is the number of unit cells in the
simulation domain, α is Cartesian coordinate, l is the index
for unit cell, and b is the index of basis atoms in a unit
cell. The total SED [
(q, ω)] for a certain q point can be
obtained by summing up the SED data of all the phonon
branches [
(q, ω) = ∑

j 
 j (q, ω)]. After Fourier transfor-
mation, 
 j (q, ω) is smoothed by adjacent-averaging method
and then fitted by Lorentzian function for every single peak as


 j (q, ω) = Cq, j(
ω − ωA

q, j

)2 + �2
q, j

, (6)

where Cq, j is a mode-dependent constant, ωA
q,s is the peak

frequency position, and 1
2�q, j

is the phonon lifetime. Then,
thermal conductivity (κSED) is calculated within the frame-
work of the BTE using the relaxation-time approximation
(RTA) as

κSED =
∑

λ

cλv
2
α,λτλ,SED, (7)

where c is specific heat, vα is group velocity along the α

direction, and τSED is the phonon lifetime obtained from SED
analysis. For low thermal conductivity materials, the RTA
should not yield a considerable error compared to the iteration
exact solution to BTE.

To obtain MD trajectories, a 6 × 6 × 6 cubic supercell
of conventional cell of La2Zr2O7 is employed. The periodic
boundary condition is applied to all three dimensions. We
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FIG. 3. (a) MTP level test. (b) Phonon dispersion calculated by MTP and DFT. (c) Energy and (d) forces predicted for configurations in
the testing database from MTP and DFT.

first perform a 400 000-step NPT, followed by a 400 000-step
NVE to fully relax the structure. Then, a 4 000 000-step NVE
is performed to record the velocity data. The time step used in
this study is 1 fs. A 6 × 6 × 6 q mesh is employed to extract
phonon lifetime and thermal conductivity.

E. Thermal conductivity based on Wigner formalism

For comparison, we calculate the phonon and diffuson
thermal conductivity by using the Wigner formalism [19,20].
Four-phonon scattering is included. The second- and third-
order FCs are extracted via finite-difference method (FDM)
with a 3 × 3 × 3 k mesh using PHONOPY [48] and THIR-
DORDER [33] packages, respectively. All the other settings of
the self-consistent calculations are the same as those in lattice
relaxation. Up to fifth-nearest neighbors are considered in
the extraction of third-order FCs. The three-phonon scattering
rates (1/τ 0

3,λ) are calculated based on third-order FCs as [49]

1

τ 0
3,λ

=
∑
λ′λ′′

{
1

2

(
1 + n0

λ′ + n0
λ′′

)
L− + (

n0
λ′ − n0

λ′′
)
L+

}
. (8)

Here, λ′ = (q′, j′) and λ′′ = (q′′, j′′) go over
all the phonon modes except for λ = (q, j). n0

λ =
[exp(h̄ωλ/kBT ) − 1]−1 is the phonon Bose-Einstein
distribution function. The formalisms of L+ and L−
can be found in Refs. [50,51]. The fourth-order FCs are
calculated via FDM using FOURTHORDER [52] package in
this work. Due to the computational cost, the settings in
fourth-order FCs extraction are different from the former
calculations. The plane-wave energy cutoff is 450 eV, and the
electron = energy convergence threshold is 10−7 eV. Only
the first-nearest neighbor is considered in the extraction of
fourth-order FCs. The four-phonon scattering rates (1/τ 0

4,λ)
are calculated based on fourth-order FCs as [49]

1

τ 0
4,λ

=
∑

λ′λ′′λ′′′

{
1

6

n0
λ′n0

λ′′n0
λ′′′

n0
λ

L−− + 1

2

(
1 + n0

λ′
)
n0

λ′′n0
λ′′′

n0
λ

L+−

+1

2

(
1 + n0

λ′
)(

1 + n0
λ′′

)
n0

λ′′′

n0
λ

L++

}
. (9)
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Here, λ′ = (q′, j′), λ′′ = (q′′, j′′), and λ′′′ = (q′′′, j′′′) go
over all the phonon modes except for λ = (q, j). The for-
malisms of L−−, L+−, and L++ can be found in Ref. [51].
Phonon natural isotope scattering is included. The exact solu-
tion of BTE is solved using the FOURPHONON package [52] to
obtain the phonon thermal conductivity:

κ
αβ

phonon = h̄2

kBT 2VcNq

Nq∑
q

3nb∑
j

vα
λv

β

λ ω2
λnλ(nλ + 1)τλ. (10)

Here, λ = (q, j) goes over all phonon modes and τλ is the
phonon lifetime after iteration.

The wavelike diffuson contribution is calculated by
Wigner’s formalism as [19,20]

κ
αβ

diffuson = h̄2

kBT 2VcNq

Nq∑
q

3nb,3nb∑
j �= j′

vα
q, j j′v

β

q, j′ j

× ωλ + ωλ′

2

ωλnλ(nλ + 1) + ωλ′nλ′ (nλ′ + 1)

4(ωλ′ − ωλ)2 + (
τ−1
λ + τ−1

λ′
)2

× (
τ−1
λ + τ−1

λ′
)
. (11)

Here, λ and λ′ represent the modes (q, j) and (q, j′) with
the same wave vector but different branches. vα

q, j j′ is the off-
diagonal velocity between modes (q, j) and (q, j′). The total
thermal conductivity is obtained by adding both phonon con-
tribution and diffuson contribution. The q-mesh convergence
test is carried out and discussed in detail.

III. RESULTS

A. Thermal expansion coefficient

The obtained GS lattice constant of La2Zr2O7 in this work
is 10.77 Å, in good agreement with experimental data, which
are around 10.80 Å [11,53,54]. The calculated bulk modu-
lus (B) is 168 GPa, which matches the literature value of
165–179 GPa [54,55]. Using the Grüneisen parameters (γλ)
derived from two different methods (QHA and third-order
FCs), and two different B values (168 and 179 GPa), we
predict the thermal expansion coefficient using Eq. (1) and
temperature-dependent lattice constant using Eq. (2). The pre-
dicted lattice-constant change relative to room temperature
[a(T )/a300 K] is shown in Fig. 2(a). It is seen that the three
curves predicted using different γλ and B match with each
other in general with a small deviation at high temperatures
only. The predicted TEC data are shown in Fig. 2(b). It
is shown that using γλ from third-order FCs overestimates
the thermal expansion. Using a larger B value underesti-
mates the thermal expansion. Note that both γλ and B should
be temperature dependent, and both usually decrease with
temperature [26]. Our early work has demonstrated that the
introduction of temperature-dependent B and FCs can result
in a better agreement with experimental data at elevated tem-
peratures for ZrC [25]. Here, we take the ground-state γλ

and B since the prediction has already matched well with
experimental data [56–58] as shown in Fig. 2(a). The thermal
expansion coefficient also agrees well with experimental data
as shown in Fig. 2(b). The slight mismatch at low temperature

FIG. 4. (a) Thermal conductivity of La2Zr2O7 obtained using
GKMD at 300 and 1200 K as a function of correlation time. (b)
Thermal conductivity of La2Zr2O7 obtained from GKMD at 300 K
as a function of supercell size.

might be caused by the experimental uncertainty due to the
lack of data points at low temperatures.

B. Machine-learning interatomic potentials

The MTP is trained and tested. As shown in Fig. 3(a),
the training and testing error decreases with increasing MTP
level and converges at the level of 22. Continuing to increase
the level does not further increase the accuracy but increases
the computational cost. Therefore, we pick level 22 for the
potential training. At this level, the relative force errors for
training and testing are less than 5 and 6%, respectively. To
further test the accuracy, we calculate the phonon dispersion
using the MLIP and find a good agreement with that obtained
from DFT, as shown in Fig. 3(b). This indicates a high quality
of our potential. The RMSE of energy and forces for snapshots
in the testing database are 3.01 meV/atom and 0.081 eV/Å, as
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FIG. 5. (a) Thermal conductivity of La2Zr2O7 using GKMD with MTP. Experimental data are provided for reference. (b) Specific heat
capacity and (c) thermal diffusivity of La2Zr2O7. References of experimental data: Zhang et al. [8], Xiang et al. [10], Wang et al. [11], Wan
et al. [12], Vassen et al. [6], and Suresh et al. [9].

shown in Figs. 3(c) and 3(d), respectively. Both are relatively
low, suggesting that the potential is sufficiently accurate.

C. Thermal conductivity from GKMD

With the MLIP, we perform MD simulations and extract
thermal conductivities of La2Zr2O7 at different temperatures
using the Kubo formula. Figure 4(a) showcases two ex-
amples of the smoothed integrated heat-flux autocorrelation
function, which presents well-converged values. This indi-
cates that 50 ps is sufficient to capture the dissipation of
heat-current fluctuation. The domain size effect is shown in
Fig. 4(b), which shows a good convergence at 4 × 4 × 4 su-
percell (5632 atoms) at room temperature. High-temperature
size convergence should be even faster as phonon lifetime de-
creases. This observation aligns with the finding in Ref. [59],
which states that the supercell size convergence occurs earlier
than q-mesh size convergence. Another apparent example is
Si, whose GKMD converges at 8 × 8 × 8 supercell (4096
atoms) [59,60], while its BTE does not converge till 30 ×
30 × 30 q mesh [33,52]. Therefore, all the following GKMD
results are based on the 4 × 4 × 4 supercell.

The obtained GKMD thermal conductivity of La2Zr2O7

from 300 to 1800 K is shown in Fig. 5(a), which shows a
reasonably good agreement with experimental data [6,8–12].
This agreement demonstrates the good accuracy of our MLIPs
and GKMD simulations. Importantly, the GKMD successfully

predicts the flat trend at ultrahigh temperatures, indicating that
the flat trend does not originate from some unknown mecha-
nisms outside the GKMD. By fitting the thermal conductivity
to a power law, we find that it is approximately ∼ T −0.40,
being much flatter than T −1.

It is noted that the experimental data taken from differ-
ent literature papers slightly diverge from each other and
also from GKMD. Some of them become flat while others
increase with high temperatures, making the comparison be-
tween our theoretical prediction and the experimental data less
convincing. To figure out the reason for the divergence of ex-
perimental data, we dig into the literature papers and find that
all the experimental thermal conductivities (κexp) are obtained
by taking the product of thermal diffusivity (Dth), density
(ρ), and specific heat capacity (cp), i.e., κexp = ρcpDth. The
difference of thermal conductivity mainly comes from the use
of different specific heat cp, as shown in Fig. 5(b). The exper-
imental cp shows a diverging trend at high temperature, which
is not consistent with lattice theory in solid-state physics.
In theory, the heat capacity per atom in any solid should
increase with temperature and eventually converge at 3kB/2
as the kinetic energy of each atom converges at 3kBT/2. As
seen in Fig. 5(b), the theoretical heat capacity converges after
1200 K. The diverging heat capacity obtained in experiments
may be due to the formation of defects or a mistake in the
measurement. It is noted that the heat-capacity measurement
should subtract the background data, which was often omitted

FIG. 6. Phonon total SED data for a randomly picked q point (1/3, 0, 0) at (a) 300 K and (b) 1200 K. SED data for a single randomly
picked phonon mode, i.e., the third branch of q point (1/3, 0, 0), at (c) 300 K, (d) 750 K, and (e) 1200 K.
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FIG. 7. Phonon-scattering rates extracted using SED analysis and BTE (3ph and 4ph) at (a) 300 K and (b) 1200 K. The q-mesh sizes are
all 6 × 6 × 6. (c) Thermal conductivity of La2Zr2O7 within the framework of BTE using the phonon lifetimes obtained from SED analysis and
BTE (3ph and 3+4ph). (d) The comparison of thermal conductivity between BTE (3ph) and experimental data. Since 3ph thermal conductivity
agrees with SED thermal conductivity, this figure can also be seen as the compassion between SED and experimental data. References of
experimental data: Zhang et al. [8], Xiang et al. [10], Wang et al. [11], Wan et al. [12], Vassen et al. [6], and Suresh et al. [9].

in experiments in earlier years. To exclude the impact of the
usage of different (or even wrong) cp in different papers,
it is fair to compare the thermal diffusivity Dth instead of
thermal conductivity. As seen in Fig. 5(c), the experimentally
measured Dth matches well with our theoretical diffusivity
obtained by κGKMD/ρcp. After excluding the impact of cp,
the experimental data all showed a flat trend instead of an
increasing trend with temperature. In summary, our GKMD
well predicts the absolute value and flat thermal diffusivity
(thermal conductivity) of La2Zr2O7 at ultrahigh temperatures.

D. Thermal conductivity from SED-BTE (phonon particle)

In this section, we predict the thermal conductivity of
La2Zr2O7 by BTE using the phonon lifetime obtained from
SED. Taking the reduced q point at (1/3, 0, 0) as an ex-
ample, we show the SED as a function of frequency at 300

and 1200 K in Figs. 6(a) and 6(b). At 300 K, each phonon
branch at this given q point is a distinct peak. By fitting
each peak to a Lorentzian function, the position of each peak
tells the frequency of the phonon branch, and the linewidth
gives the phonon-scattering rates. The fitting results of an
example phonon mode at a randomly selected q point (re-
duced q = [1/3, 0, 0]) at 300, 750, and 1200 K are shown
in Figs. 6(c)–6(e). With increasing temperature, the peaks
are broadened and eventually overlap with each other. To
distinguish the peaks from each other, eigenvectors are used
to obtain the SED of each branch separately. The SED results
at 1800 K are not shown here for the eigenvectors as such
high temperature are no longer working. This is a drawback
of the SED to study the thermal conductivity of materials at
ultrahigh temperatures.

It might be perceived that the phonon lifetime obtained
from SED depends on the MD simulation size. This is because
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FIG. 8. (a) Temperature-dependent thermal conductivity of La2Zr2O7 obtained using Wigner formalism. References of experimental data:
Zhang et al. [8], Xiang et al. [10], Wang et al. [11], Wan et al. [12], Vassen et al. [6], and Suresh et al. [9]. (b) Phonon lifetime at 300 and 1200
K by solving BTE with 16 × 16 × 16 q mesh for 3ph. (c) Percentage cumulative phonon thermal conductivity with respect to mean free path
at 300, 1200, and 1800 K. (d) Phonon dispersion obtained from SED analysis at 300 and 1200 K, compared to the ground-state dispersion.

the MD domain size determines how many phonon modes can
be resolved, e.g., an N×N×N primitive cell can only resolve
N×N×N q points. Larger domain size resolves more phonon
modes, and phonons can more easily find other modes to
scatter. However, we find that the obtained lifetimes from SED
of a 4 × 4 × 4 cubic cell are the same as those obtained from
a 6 × 6 × 6 cubic cell (shown in Fig. S1 in the Supplemental
Material [61]). Therefore, the size effect of the SED is elimi-
nated.

The obtained phonon-scattering rates from SED are shown
in Figs. 7(a) and 7(b) for 300 and 1200 K, respectively. Note
that these scattering rates naturally include the impacts of
all higher-order phonon scattering, phonon renormalization,
and phonon-scattering cross-section softening effects at finite
temperatures. In comparison, we also plot the 3ph and 4ph
scattering rates calculated by using the GS force constants.
It is seen that 4ph scattering is negligible at 300 K but non-

negligible at 1200 K. We also note that the GS 3ph scattering
rates match well with SED at both temperatures. This is likely
a coincidence due to self-canceling effect, i.e., the finite-
temperature corrections to harmonic and anharmonic force
constants reduce scattering rates and cancel out the addition
of 4ph scattering. This coincidence is seen in many other
materials [22,62] but not all materials [24–26,63].

With the scattering rates, the thermal conductivity of
La2Zr2O7 within the phonon particle framework is calculated
by BTE, as shown in Fig. 7(c). To consistently compare the
results from temperature-dependent SED and ground-state
3+4ph scattering, we pick the same q mesh of 6 × 6 × 6
in Fig. 7(c). At room temperature, 4ph is not important but
becomes significant at ultrahigh temperatures, which can re-
sult in a 35% reduction in thermal conductivity compared with
3ph. But, this reduction is recovered by the temperature cor-
rections to the harmonic and anharmonic force constants. As a
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FIG. 9. (a) Thermal conductivity obtained using Wigner formalism as a function of q-mesh density. (b) Lifetime of phonons in the
framework of BTE with different q-mesh densities.

result, the thermal conductivity from SED matches well with
that from GS 3ph BTE. To compare with experimental data,
we calculate the BTE phonon thermal conductivity converged
with respect to the q-mesh density. Since SED is limited by
the MD simulation domain size, we use the GS 3ph scattering
to represent the SED results, since they are similar. As seen
in Fig. 7(d), the BTE, even with temperature corrections,
cannot predict the flat thermal conductivity La2Zr2O7 at high
temperatures.

E. Thermal conductivity from Wigner formalism
(phonon+diffuson)

The calculated temperature-dependent thermal conductiv-
ity from Wigner formalism is shown in Fig. 8(a). The total
thermal conductivity, which consists of phonon and diffuson
contributions, aligns with experimental data across a broad
temperature range. Additionally, it exhibits agreement with
κGKMD throughout the entire temperature range, as illustrated
in Fig. S2 in the Supplemental Material [61], despite operating
on different principles: all-order phonon scatterings and all
the finite-temperature corrections are inherently considered in
GKMD, while up to three-phonon scattering and GS phonon
properties are accounted for in Wigner formalism. Based on
the aforementioned discussion in the SED part, the higher-
order phonon scattering appears to counterbalance the effect
of finite-temperature corrections. Therefore, this indicates that
diffuson is the primary cause of the flat thermal conductivity
of La2Zr2O7 at ultrahigh temperatures, which contributes ap-
proximately 70% to thermal conductivity. The fitting of the
calculated data gives scaling law of ∼ T −0.97 and ∼ T 0.43 for
κphonon and κdiffuson, respectively.

To gain more insights regarding the diffuson contribution,
we show the lifetimes of all the phonons at 300 and 1200 K
for 3ph in Fig. 8(b). The black curves indicate the limit
that phonon lifetime (τ ) equals period (2π/ω). At a higher
temperature, more phonon modes drop below this curve and
become more diffuson-like. Surprisingly, even at ultrahigh
temperatures (e.g., T > 1200 K), the phonon mean free path

can still spread over a broad range from 0.1 to 200 nm, as seen
in Fig. 8(c). This indicates that grain-boundary scattering can
still limit phonon transport if the grain size is on the order of
100 nm. The phonon dispersions at 300 and 1200 K extracted
using SED analysis are shown in Fig. 8(d). We find that higher
temperatures broaden the phonon linewidth, making different
branches overlap with each other. This provides the channels
for vibrations to tunnel between close branches, namely, in-
terband diffuson transport. This result from SED agrees with
that calculated from the Wigner formalism. In addition, the
softening effect caused by finite-temperature corrections can
also be clearly seen in Fig. 8(d).

The q-mesh convergence test is studied within the Wigner
formalism framework, as illustrated in Fig. 9(a). Similar to
phonon, diffuson thermal conductivity also increases with the
density of q mesh. It might be perceived that the impact of q
mesh on thermal conductivity may come from the impact on
phonon lifetimes since it is easier for phonons to find others to
scatter in a denser q mesh. However, interestingly, as shown
in Fig. 9(b), we find that the density of q mesh has no effect on
the lifetime. The phonon modes in a 4 × 4 × 4 q mesh exhibit
nearly identical lifetimes as those of a 16 × 16 × 16 q mesh.
This indicates that the impact of q mesh on thermal conduc-
tivity arises from the sampling resolution of the Brillouin zone
rather than phonon lifetime.

The impact of nonanalytical correction (NAC) on ther-
mal conductivity is also studied. As shown in Fig. 10(a),
the inclusion of NAC increases the phonon thermal con-
ductivity and decreases the diffuson contribution slightly,
resulting in an increase in the total thermal conductivity. To
find out the reasons, we show the phonon lifetimes, veloc-
ities, and dispersions calculated with and without NAC, as
shown in Figs. 10(b)–10(d). With NAC, phonon lifetimes do
not change significantly, but the velocities are decreased for
certain modes since NAC can cause TO-LO splitting, which
flattens some branches in phonon dispersion. Since charges
are not considered MLIP, MD is not able to account for the
NAC. Therefore, the results displayed above do not consider
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FIG. 10. The impact of nonanalytical correction on (a) temperature-dependent thermal conductivity, (b) phonon lifetime at 300 K, (c)
group velocities (x component) at 300 K, and (d) phonon dispersion.

NAC. The inclusion of NAC can make the thermal conduc-
tivity slightly flatter at high temperatures, and the difference
caused by NAC becomes smaller at high temperatures.

F. Radiation contribution to thermal conductivity

It has been perceived that radiation contributes to the
thermal conductivity of La2Zr2O7 at high temperatures in
the earlier experimental works based on the flat (increasing)
thermal conductivity trend [64,65]. However, no evidence
has been given so far. Here, we rigorously calculate the
radiation contribution to thermal conductivity as a function
of temperature fully from the first principles. Analogous to
phonons, photons can also conduct thermal energy within
materials. Phonon mean free paths are limited by creation
and annihilation processes (i.e., scattering events), and sim-
ilarly, photon mean free paths are governed by absorption
and reemission events. When a material’s size significantly
exceeds its phonon mean free path, phonon transport becomes

diffusive. Similarly, when a material’s size significantly ex-
ceeds its photon mean free path, photon transports diffusively,
and the material becomes optically thick. In the diffusive
limit, the radiation contribution to the thermal conductivity
of a material (κrad) can be calculated by the Rosseland model
κrad = 16

3β
n2σSBT 3, where β is the extinction coefficient, n is

refractive index, and σSB is the Stefan-Boltzmann constant. β

and n are temperature dependent. The details of the method
are given in Ref. [63]. In this method, the inputs are primarily
the absorption coefficient and dielectric function, which can
be calculated from the Lorentz oscillator model with phonon
linewidths calculated from first principles.

The results are shown in Fig. 11. The real part of the
refractive index at the high-frequency limit is 2.22, which
matches the experimental data of 2.17 [66]. The imaginary
part of the refractive index is related to the extinction co-
efficient, which measures the attenuation of radiative waves
inside the medium and is inversely correlated to photon MFP
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FIG. 11. Spectral radiative thermal properties of La2Zr2O7 calculated from first principles. Ground-state force constants are used in the
calculations. (a) Real part and (b) imaginary part of the refractive index calculated from the Lorentz oscillator model using the phonon
linewidths calculated from the 3ph and 4ph scattering. (c) Penetration depth of photons. (d) Radiation thermal conductivity as a function of
temperature. T 2.01 is a fitted power law using the calculated κrad data.

or penetration depth. The higher the extinction coefficient,
the lower the radiation thermal conductivity. At room tem-
perature, photons have a penetration depth of around 35 µm
at the wavelength of 10 µm (the dominant thermal radiation
wavelength at room temperature). At high temperatures (e.g.,
1800 K), the penetration depth decreases to 10 µm at the
dominant thermal radiation wavelength of 1.6 µm. This is
understandable as there are more phonons to scatter photons
at higher temperatures. κrad increases with temperature by an
approximate power law of ∼ T 2.01, fitted from the calculated
data. The extinction coefficient β increases approximately lin-
early with temperature. At the maximum temperature, 1800 K,
κrad is found to be only 0.074 W/mK, which is much smaller
compared to phonon and diffuson thermal conductivity. This
provides a critical revisit to the preliminary assumption that
radiation is important at high temperatures for La2Zr2O7.
This result is consistent with the finding from the previ-
ous sections that the flat trend of thermal conductivity of

La2Zr2O7 can be well explained by the lattice vibrations (e.g.,
phonon+diffuson) without the need of radiation.

IV. CONCLUSIONS

We have predicted and compared the thermal conductiv-
ity of La2Zr2O7 using three distinct first-principles methods,
namely GKMD with machine-learning potentials, Peierls
BTE with finite-temperature corrected phonon lifetimes ex-
tracted using SED, and Wigner formalism. The following
conclusions can be drawn: (i) GKMD with machine-learning
potential is able to predict the absolute value and flat tempera-
ture dependency of thermal diffusivity (thermal conductivity)
of La2Zr2O7 from room to ultrahigh temperatures. (ii) At
ultrahigh temperatures 4ph is important, which can lead to
a 35% deduction in thermal conductivity of 3ph. (iii) Finite-
temperature corrections can cancel out 4ph and bring up the
3+4ph thermal conductivity back to the ground-state 3ph
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level for La2Zr2O7. (iv) Finite-temperature corrections within
Peierls BTE framework cannot predict the flat trend of ther-
mal conductivity of La2Zr2O7 at ultrahigh temperatures. (v)
Diffuson contribution is primarily responsible for the flat
trend at ultrahigh temperatures in the thermal conductivity of
La2Zr2O7. (vi) Radiation contribution to thermal conductivity
of La2Zr2O7 increases with T 2.01, but is still small compared
to phonon and diffuson contributions even at ultrahigh tem-
peratures. (vii) GKMD does not have a significant size effect,
e.g., thousands of atoms are sufficient. (viii) The q-mesh
density has a negligible effect on scattering rates but a pro-
nounced impact on thermal conductivity due to the sampling
resolution problem in the Brillouin zone. (ix) The scaling
law of phonon, diffuson, radiation, and total thermal conduc-
tivity of La2Zr2O7 is about ∼ T −0.97, ∼ T 0.43, ∼ T 2.01, and
∼ T −0.40, respectively. We hope this study clarifies thermal
transport mechanisms in La2Zr2O7 from room- to ultrahigh
temperatures and provides inspiration for other similarly com-
plex materials for ultrahigh temperature applications.

Source data are provided with this paper. All other data
that support the plots within this paper are available from

the corresponding author upon reasonable request. The codes
used in this study are also available from the corresponding
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Erratum: Understanding the flat thermal conductivity of La2Zr2O7 at ultrahigh temperatures
[Phys. Rev. Materials 8, 043804 (2024)]

Hao Zhou, Janak Tiwari, and Tianli Feng

(Received 22 July 2024; published 5 August 2024)

DOI: 10.1103/PhysRevMaterials.8.089901

There are some errors in Figs. 5(b) and 5(c):
(1) In Fig. 5(b), the calculated data is actually cv instead of cp. The correct cp is provided now.
(2) In Fig. 5(c), cp should be used to calculate thermal diffusivity. The correct thermal diffusivity is provided now.
The caption is not affected. The conclusions are not affected. The correct Fig. 5 should read:

FIG. 5. (a) Thermal conductivity of La2Zr2O7 using GKMD with MTP. Experimental data are provided for reference. (b) Specific heat
capacity and (c) thermal diffusivity of La2Zr2O7. References of experimental data: Zhang et al. [8], Xiang et al. [10], Wang et al. [11], Wan
et al. [12], Vassen et al. [6], and Suresh et al. [9].
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