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ABSTRACT

Machine learning interatomic potentials (MLIPs) have greatly enhanced molecular dynamics (MD) simulations, achieving near-first-
principles accuracy in thermal conductivity studies. In this work, we reveal that this accuracy, observed in BAs and diamond at sub-Debye
temperatures, stems from an accidental error cancelation: classical statistics overestimates specific heat while underestimating phonon life-
times, balancing out in thermal conductivity predictions. However, this balance is disrupted when isotopes are introduced, leading MLIP-
based MD to significantly underpredict thermal conductivity compared to experiments and quantum statistics-based Boltzmann transport
equation. This discrepancy arises not from classical statistics affecting phonon–isotope scattering rates but from its impact on the interplay
between phonon–isotope and phonon–phonon scattering in the normal scattering-dominated BAs and diamond. This work underscores the
limitations of MLIP-based MD for thermal conductivity studies at sub-Debye temperatures.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0238592

The emergence of machine learning interatomic potentials
(MLIPs) has significantly advanced molecular dynamics (MD) simula-
tions.1,2 By leveraging first-principles calculations as input, MLIPs are
able to describe the interatomic interactions at a near-first-principles
accuracy. This accuracy extends from the second-order to the third-
and even fourth-order force constants.3 Naturally, MLIP-based MD
(MLMD) has emerged as a powerful method to simulate thermal
transport in materials, achieving significantly higher accuracy in ther-
mal conductivity prediction than empirical interatomic potentials.4

For materials that are challenging to fit with empirical interatomic
potentials, MLIPs are even more indispensable.

Surprisingly, it has been extensively shown that MLMD can pre-
dict the thermal conductivity accurately even at sub-Debye tempera-
tures, when the classical statistics in MD deviate significantly from
quantum statistics. For instance, for Si,5 b-Ga2O3,

6 cubic BAs,7 and
diamond,7 which have Debye temperatures of around 635,8 870,9

680,10 and 2240K,11 respectively, the thermal conductivities predicted
by MLMD using different MLIPs all closely match the experimental
data at 300K. Therefore, some work even suggested that quantum cor-
rection (QC) is unnecessary for predicting the thermal conductivities
when using MLIPs.6,7 However, this claim lacks a solid foundation.

The role of classical statistics in MLMD for predicting thermal conduc-
tivity at sub-Debye temperatures remains unclear.

In this Letter, we investigate the impact of statistics on thermal
conductivity predictions in MLMD. BAs and diamond are selected for
study for three reasons. (1) As the first and second highest thermal
conductivity materials in nature, BAs and diamond hold great poten-
tial for next-generation electronics. (2) BAs and diamond have been
extensively studied in the literature by using both DFT and MD, pro-
viding ample data for comparison. (3) With high Debye temperatures,
BAs and diamond are ideal candidates for studying the effects of classi-
cal statistics at sub-Debye temperatures. Here, both pure and isotope-
contained BAs and diamond are studied. The moment tensor potential
(MTP)12 is selected owing to its efficiency, reliability, and simplicity.
Green–Kubo theory13,14 is used to extract the thermal conductivity of
materials based on the autocorrelation function of heat current from
MD simulations. The size effect of Green–Kubo MD is minimal since
it uses periodic boundary conditions, which allow long mean-free-path
phonons (theoretically infinite long) to transport.15,16 Phonon spectral
energy density (SED)17 analysis is performed based on MD trajectories
to extract phonon scattering rates. For reference, Boltzmann transport
equation (BTE) calculations are performed with three- and four-
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phonon (3ph, 4ph) scattering rates obtained from density functional
theory (DFT). Phonon–isotope scattering is calculated by using the
Tamura formula based on Fermi’s Gold rule. All the simulation details
can be found in the supplementary material and our previous work.18

MTPs are trained for isotope-free and isotope-mixed BAs and
diamond. The accuracy of MTPs is demonstrated by comparing the
predicted forces and energies with DFT calculations as shown in Fig. 1
and supplementary material Figs. S1 and S2. The root mean square
error (RMSE) of energies and forces for BAs are 0.144meV/atom and
0.017 eV/Å, respectively, and 0.060meV/atom and 0.010 eV/Å for dia-
mond, respectively. The phonon dispersions calculated using MTP
and DFT agree with each other, as shown in Figs. 1(c) and 1(f), dem-
onstrating the accuracy of MTPs.

The thermal conductivities of BAs and diamond calculated using
MLMD are shown in Fig. 2. Without isotopes, the temperature-
dependent thermal conductivities of both materials agree well with
those calculated from DFT, being consistent with the literature.7

However, when isotopes are present, while the DFT calculations agree
excellently with experiment,19–25 MLMD significantly underpredicts
the thermal conductivity of both materials. For example, for isotopically
pure BAs, DFT and MLMD yield 1500 and 1300W/mK, respectively,
closely matching experimental data (1500W/mK).22 For isotopically
pure diamond, DFT and MLMD yield 3500 and 3400W/mK, also
aligning with experimental data (3300W/mK).23–25 However, for
natural BAs, the MLMD result (760W/mK) is significantly lower
than both DFT (1300W/mK) and experimental data (1300W/mK).
Similarly, for natural diamond, the MLMD result (1500W/mK) is
much lower than DFT (2300W/mK) and experimental data
(2400W/mK).

To investigate why MLMD predicts thermal conductivities well
without isotopes but inaccurately with isotopes, we look into phonon
specific heat and lifetime. Figures 3(a) and 3(d) show jMLMD=jDFT,
cMLMD=cDFT, and sMLMD=sDFT for isotopically pure BAs and diamond,
respectively, where j is thermal conductivity, c is specific heat, and s is
phonon lifetime. Here, sMLMD=sDFT is indirectly obtained by using
sMLMD=sDFT ¼ jMLMD=jDFT � cDFT=cMLMD. It is seen that MLMD
overestimates specific heat and underestimates phonon lifetimes signif-
icantly, especially at low temperatures. These two errors accidentally
cancel each other out, resulting in an apparently accurate thermal con-
ductivity prediction. The errors gradually shrink and disappear as tem-
perature increases. Additionally, the error cancellation is material-
dependent. For instance, it is more effective in diamond than in BAs.

In addition to the phonon lifetime ratio (sMLMD=sDFT) that is
derived indirectly from thermal conductivity and specific heat, the
mode-dependent sMLMD and sDFT are directly extracted and compared
with each other, as shown in Figs. 3(b) and 3(e). Indeed, MLMD sig-
nificantly underestimates the lifetime compared to DFT, supporting
the error-cancelation claim and the observation in Figs. 3(a) and 3(d).
Furthermore, it is seen that the phonon lifetime underestimation in
MLMD is more prominent for lower frequency phonons. This is sur-
prising since classical statistics deviate from quantum statistics rela-
tively smaller for lower frequency phonons than for higher frequency
phonons. We hypothesize that these lower frequency phonons, despite
having smaller statistics-induced errors, may scatter significantly with
higher frequency phonons, which have larger statistics-induced errors.
This can also be seen by replacing the quantum phonon population
(nQ) in the 3,4-phonon scattering formalism with the classical popula-
tion (nC), as shown in Figs. 3(b) and 3(e). However, it is noted that

FIG. 1. Validation of MTP machine learning potentials for (a)–(c) BAs and (d)–(f) diamond. (a) and (d) Comparison between energies calculated from MTP and DFT. (b) and (e)
Comparison of forces. (c) and (f) Comparison of phonon dispersions.
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replacing nQ with nC in phonon scattering formalism is not a scientific
way to obtain phonon lifetime under classical statistics. This is because
the phonon scattering formalism is derived based on nQ. Without nQ,
the phonon scattering formalism is not valid anymore.26–30 Actually,
since nC is larger than nQ by 0.5 at the classical limit, replacing nQ
with nC � 0:5 in the phonon scattering formalism can yield better
thermal conductivity than using nC (see the supplementary material
Fig. S3).

To eliminate the errors caused by classical statistics, quantum
corrections, if possible, need to be done on both specific heat and pho-
non scattering rate. The discussion of quantum corrections has a long
history. In early years, QC was done by correcting the temperature, via
equating the total energies of classical and quantum systems,31–33 i.e.,P

ECnC ¼ P
EQnQ. While many early studies used this QC method,

it was demonstrated to be unreasonable by Turney and McGaughey in
200927 no matter the zero-point energy is considered or not. They
used anharmonic lattice dynamics with Stillinger–Weber potential to
self-consistently demonstrate this by replacing the nQ with nC-1/2.
They also found that both specific heat and lifetime were affected by
the statistics, and thus QC should be performed on both. In addition,
QC should be applied on a mode level instead of a system level.
Despite the discovery of Turney and McGaughey, QC has been pri-
marily applied to specific heat only.34–39 On the one hand, QC to life-
time is difficult and remains unfeasible, while that to specific heat is
simple. On the other hand, it is found that the QC to lifetime is only
important for crystalline materials.26,34,35,40 QC to specific heat is suffi-
cient for strongly disordered systems where phonon–phonon

scattering is not dominant. Gu et al.26 also mentioned in their review
paper that QC should be applied to both specific heat and lifetime for
crystals, but these two factors often cancel out each other, making the
overall impact not strong, such as in graphene and silicon. However,
the two factors were not canceled out in the 1D material, carbon nano-
tubes, as studied by Barbalinardo et al.40 They limit �h to zero to
approach classical limit in solving the BTE, and a large gap is found
between the thermal conductivity obtained using nQ and nC.
Puligheddu et al.28 found, using classical potentials, that the phonon
lifetimes of MgO and PbTe obtained by replacing nQ with nC in BTE
agree well with those obtained from MD with SED analysis, ending
with the conclusion that phonon lifetime can be corrected by correct-
ing the phonon population. This finding does not hold in the systems
studied in this work (i.e., BAs and diamond), where we find that
replacing nQ with nC in BTE results in unphysical results that cannot
match with MD. In light of these efforts, here we explore several possi-
ble quantum correction methods for mode-level phonon lifetime,
shown in Figs. 3(c) and 3(f). Based on the three-phonon scattering for-
malism, phonon scattering rate is generally proportional to phonon
population at high temperatures. Therefore, the first trial to correct s is
to use nC=nQ, which, however, is found to not match with s�1

MLMD=
s�1
DFT. Considering the three-phonon scattering contains (1þ n) and
(1þ 2n) terms, the second trial is to use ð1þ nCÞ=ð1þ nQÞ and
ð1þ 2nCÞ=ð1þ 2nQÞ for corrections, which are found to not match
with s�1

MLMD=s
�1
DFT either. Other trials, like using EC=EQ and cC=cQ, all

fail. It is found that s is overpredicted by classical statistics more for
lower frequency phonons, but all these corrections correct less lower

FIG. 2. (a) Temperature-dependent ther-
mal conductivity of isotope-free BAs calcu-
lated by using DFT (3þ 4ph) and MLMD
(without quantum correction). (b) Isotope
concentration-dependent room-tempera-
ture thermal conductivity of BAs calculated
by DFT (3þ 4ph) and MLMD (without
quantum correction) compared to experi-
mental data. (c) and (d) The same as (a)
and (b) but for diamond. References of
experimental data in (b): Kang et al.,21 Li
et al.,19 Tian et al.,20 Hou et al.,22 and in
(c): Anthony and Banholzer,23 Onn
et al.,24 and Olson et al.25
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frequency phonons. These indicate that the quantum correction to
phonon–phonon scattering rate is complex and is unlikely to be
achieved in a straightforward manner.

After understanding the isotope-free materials, we explore the
reasons for the significant underestimation of thermal conductivity by
MLMD when isotopes are present. Theoretically, the phonon–isotope
scattering rate (s�1

ph�iso) should not depend on phonon population,
based on the derivation of Tamura’s formula using perturbation the-
ory.41 Numerically, this is verified by comparing the s�1

ph�iso calculated
by Tamura’s formula (s�1

ph�iso ¼ p=2 � x2g � pDOS) and s�1
ph�iso

¼ s�1
tot � s�1

ph�ph obtained by SED analysis of MLMD, where x is the
phonon frequency, g factor is determined by isotope mass and concen-
tration, pDOS is the projected density of state, and s�1

tot and s�1
ph�ph are

the phonon linewidths in isotope-contained and isotope-free materials,
respectively. As seen in Figs. 4(a) and 4(b), s�1

ph�iso obtained from the
two methods agree with each other, supporting that s�1

ph�iso does not
depend on phonon statistics. We note that some negative s�1

ph�iso data
obtained by s�1

ph�iso ¼ s�1
tot � s�1

ph�ph are due to the large uncertainty of
SED analysis, especially when s�1

tot and s�1
ph�ph are very close. The

s�1
ph�iso obtained by Tamura’s formula using classical and quantum sta-
tistics also agree with each other for an artificial isotope abundance of
BAs as shown in Fig. 4(c). Another evidence is temperature depen-
dence. It is found that s�1

ph�iso does not depend on temperature in
MLMD, indicating that s�1

ph�iso is invariant on phonon population.
Since s�1

ph is larger in MLMD than DFT, adding the same s�1
ph�iso is

expected to generate smaller impact in MLMD, resulting in larger

thermal conductivity in MLMD than DFT. However, the fact is that
MLMD shows smaller thermal conductivity than DFT for isotope-
contained materials. A possible reason is that the isotopes do not only
introduce phonon–isotope scattering but also change the original pho-
non–phonon scattering. This can be realized by the hydrodynamical
behavior of phonons in BAs and diamond. In these two materials, the
moment-conserved normal scattering dominates over the moment-
unconserved Umklapp scattering, resulting in hydrodynamical move-
ment of phonons.29,42 Therefore, the single-mode relaxation time
approximation (SMRTA) fails in describing thermal transport in BAs
and diamond. The exact solution of BTE using iteration shows much
higher thermal conductivity than SMRTA. Even though phonon statis-
tics do not change s�1

ph�iso in SMRTA, it changes how normal scattering
is coupled with Umklapp scattering in the iteration in solving BTE. As
seen in Fig. 5, using classical statistics gives a much smaller increase in
thermal conductivity after iteration than using quantum statistics. This is
understandable since isotope scattering is preferable for high energy pho-
nons and gives positive feedback to Umklapp scattering and increases
the resistance. Consequently, the role of statistics becomes more compli-
cated when a material is dominated by normal scattering processes.

In conclusion, we investigate the effects of phonon statistics on
the thermal conductivity prediction of BAs and diamond using
MLMD. We find that while MLMD, without any quantum correction,
can well reproduce the thermal conductivity of isotopically pure BAs
and diamond, it is an error-canceling effect: the classical statistics in
MLMD overestimates specific heat and underestimates phonon

FIG. 3. Comparison between quantum and classical statistics-predicted thermal properties of (a)–(c) BAs and (b)–(d) diamond. (a) and (d) Ratios of thermal conductivity, total
specific heat, and effective phonon lifetime obtained from MLMD and DFT as a function of temperature. (b) and (e) Mode-level phonon scattering rates at room temperature. (c)
and (f) Possible quantum corrections for mode-level phonon scattering rates.
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lifetime. This error-canceling effect is disrupted when isotopes are
introduced, leading MLMD to significantly underpredict thermal con-
ductivity compared to experiments and quantum statistics-based BTE.
This discrepancy is not because classical statistics changes phonon–iso-
tope scattering rates, but because the isotopes change phonon–phonon
scattering mechanisms. Additionally, our results support the validity of
the Tamura formula for phonon–isotope scattering. We hope this
study provides a deeper understanding of thermal conductivity in
MLMD simulations.

See the supplementary material for the following: Sec. S1:
machine learning interatomic potential simulation details; Sec. S2:
Green–Kubo molecular dynamics simulation details; Sec. S3: phonon
spectral energy density analysis details; Sec. S4: first principles calcula-
tions; Figs. S1 and S2: validation of MTPs; and Fig. S3: temperature-
dependent thermal conductivity of BAs and diamond obtained by
solving Boltzmann transport equation using different statistics.
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