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Nonequilibrium phonon transport induced by finite sizes: Effect of phonon-phonon coupling
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In heat conduction through a homogenous nanomaterial, various phonons may exhibit diverse temperatures
even at the same location at a steady state, known as the local phonon nonequilibrium phenomenon. Different
phonons are often considered to behave independently, and the phonons with longer mean free paths (MFPs)
have smaller temperature gradients. That is, the temperature gradient exhibits the following order: ballistic
phonons < semiballistic phonons ≈ lattice (average) temperature gradient < diffusive phonons, where ballistic
phonons have MFPs much larger than the characteristic length, semiballistic phonons have MFPs like the
characteristic length, and diffusive phonons have MFPs much smaller than the characteristic length. However,
in this paper, we reveal that the effect of phonon-phonon coupling leads nonequilibrium phonon temperature
gradients to the following trend: diffusive phonon temperature gradients will decrease to the lattice temperature,
and temperature gradients of some semiballistic phonons even surpass that of diffusive phonons. The diffusive
phonon temperature is merged onto the lattice temperature since they have large scattering rates and can be
equilibrated quickly to the lattice temperature after traveling for a short distance away from the boundaries into
the nanomaterial. The semiballistic phonons have large scattering rates but not large enough to bring them down
to the lattice temperature. To obtain a further understanding of the nonequilibrium phonon temperatures, we have
also derived a simple analytical model which can accurately predict the temperature profiles of all individual
phonons given their MFPs. Using this model, we find that, near the boundary, phonon temperatures decay with
position exponentially (instead of linearly), with a rate inversely proportional to their MFPs. Our findings offer
insight for the understanding and prediction of phonon nonequilibrium temperatures within nanodevices.
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I. INTRODUCTION

Nanoscale thermal transport driven by phonons has been
of great interest in recent decades [1–8] due to its unique
characteristics compared with conventional Fourier thermal
transport. In Fourier thermal transport, a single linear tem-
perature profile is built between the hot and cold ends of a
device at a steady state. However, when heat flows through a
nanodevice from the hot end to the cold end at a steady state,
various phonons may exhibit diverse temperatures even at the
same location, which is called the size effect-induced phonon
temperature nonequilibrium [9–11]. Ballistic phonons [mean
free path (MFP) � device length] can transport through the
device without much loss of energy due to the absence of
phonon-phonon scattering. As a result, their temperature pro-
files are nearly flat, with a nearly zero temperature gradient,
being very different from the nonzero average temperature
gradient through the device. The other phonons, which have
MFPs similar to or even smaller than the device length, have a
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nonzero temperature gradient, which can be even greater than
the average temperature gradient. Therefore, various phonons
have various temperatures even at the same location. This is
called modal phonon temperature nonequilibrium [12–14].
Authors of recent studies have found that understanding the
nonequilibrium thermal transport is significant for the per-
formance of many applications such as nanomaterial thermal
property measurements [15–17], electronic devices [18–20],
and ultrafast laser processing [21,22].

Many studies have been conducted to resolve the nonequi-
librium phonon temperature using various methods, including
the Raman spectroscopy experiments [15–17,23], multitem-
perature model [12,13], molecular dynamics (MD) simu-
lations [24–26], and phonon Boltzmann transport equation
(BTE) simulations [21,27–33]. The Raman spectroscopy ex-
periments are conducted near the diffusive regime (the sample
size is much larger than the phonon MFP) and can resolve
some individual zone-center optical phonon temperatures
[15]. The multitemperature model can resolve nonequilib-
rium among different phonon modes but neglects the effect
of ballistic transport [12]. MD simulations are conducted at
a relatively small scale (far from the diffusive regime) [8].
In comparison, only the phonon BTE can cover the entire
ballistic-to-diffusive regime and obtain detailed phonon tem-
peratures for further analysis [28,31,32]. However, only a few
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analyses of the nonequilibrium phonon temperature based on
the phonon BTE have been conducted. Recently, by studying
the detailed information obtained from the simplified phonon
BTE (the McKelvey-Shockley flux method), Maassen and
Lundstrom [31] found a one-to-one correspondence between
the phonon MFP and the nonequilibrium phonon temperature.
For cross-plane heat conduction in thin films, the nonequi-
librium phonon temperature gradient monotonically increases
with the decreasing phonon MFP. This correspondence not
only helps to understand the nonequilibrium thermal transport
but can also be used for MFP spectroscopy which has received
much attention recently [34–36]. However, their conclusions
are built on the assumption that phonons with various MFPs
transport independently through the device. Since the effect of
phonon-phonon coupling is ignored, it may lead to insufficient
understanding of the nonequilibrium phonon temperature.

In this paper, we employ the mode-resolved phonon BTE
to calculate the modal phonon temperatures. As a representa-
tive nanoscale heat conduction problem, the cross-plane heat
conduction through silicon thin films is taken as the study
case. The effect of phonon-phonon coupling is included in the
mode-resolved phonon BTE, which shows significant differ-
ences in phonon temperature profile in comparison with the
case without coupling. To further understand the nonequilib-
rium phonon temperatures, an analytical expression is derived
for the nonequilibrium phonon temperature. Furthermore, we
also modify the one-to-one correspondence, i.e., the mapping
from the phonon MFP spectra to the nonequilibrium phonon
temperature, which can be used to reconstruct the MFP distri-
bution from the phonon temperature.

II. NONEQUILIBRIUM PHONON TEMPERATURES

Local phonon temperature is a representation of phonon
energy density at a location [6,26,37]. Different levels of res-
olution of the nonequilibrium phonon temperature have been
used previously [12,15,26,37]. The first level is the branch-
level phonon temperature, which is the average temperature
of all phonons in the same branch j [12]. The second level is
the MFP-resolved phonon temperature, i.e., the average tem-
perature of all phonon modes in various transport directions
with the same MFP [37]. The third level is the modal phonon
temperature, which is the average temperature of two phonon
modes with specific wave vector q and −q and the same
branch j [26]. The two phonon modes have the same MFP and
opposite propagation directions. As the third level provides
the most detailed information of heat transfer [26], we use it
in this paper, i.e., Tλ, where λ represents two phonon modes
with specific wave vector q and −q and the same branch j.

To study the mode-resolved phonon temperatures, we em-
ploy the mode-resolved phonon BTE with the relaxation
time approximation, which is valid for silicon [8]. Authors
of previous studies adopted a simplified phonon BTE (the
McKelvey-Shockley flux method) [30,31], which divides the
phonons into forward- and reverse-moving streams and as-
sumes that phonons with the same MFP in each stream have
the same temperature. They excluded the effect of phonon-
phonon coupling by assuming that phonons with different
MFPs have different equilibrium Bose-Einstein statistics re-
lying on their temperatures and are independent on each

other. In our mode-resolved phonon BTE, all phonons interact
with common equilibrium Bose-Einstein statistics (charac-
terized as the lattice temperature), which thus includes the
coupling among all phonon modes. Recently, Abarbanel and
Maassen [38] and Maassen and Askarpour [39] extended
the McKelvey-Shockley flux method to include the effect of
phonon-phonon coupling. This method has smaller computa-
tional costs than numerically solving the phonon BTE, but the
accuracy in the ballistic regime is also lower.

The mode-resolved phonon temperatures are calculated
by numerically solving the mode-resolved phonon BTE us-
ing a finite volume method (FVM) [33,40]. The numerical
treatment of the mode-resolved phonon BTE is shown in
Appendix A. The inputs of the mode-resolved phonon BTE
including phonon capacity, group velocity, and relaxation time
are obtained from the first-principles calculations [41,42].
We have sampled various phonon modes with a total of 400
different “effective” MFP values, which are the MFP (group
velocity multiplies relaxation time) components in the trans-
port direction. The two boundaries of the films are applied
by thermalizing boundary conditions [8], which emit equi-
librium phonons at T1 = 310 K and T2 = 290 K, respectively.
Here, we categorize the phonon modes into three categories:
(1) ballistic modes, which have large MFP � L; (2) semibal-
listic modes, which have moderate MFP ∼ L; and (3)
diffusive modes, which have small MFP � L.

Taking a 20-nm-thick silicon thin film as an example, we
obtained the mode-resolved phonon temperatures through the
film in the cases of excluding and including the phonon-
phonon coupling. The results for the two cases are shown
in Figs. 1(a) and 1(b), respectively. To more clearly show
the difference between the two cases, we only pick three
representative phonon modes in the three phonon categories,
which have MFP of 100, 5, and 1 nm, representing ballistic,
semiballistic, and diffusive phonon modes, respectively. We
also include the lattice temperature (TL) for both cases as a
guideline. Both cases (with and without the phonon-phonon
coupling) show some common characteristics. First, they both
predict large local nonequilibrium phonon temperatures, i.e.,
different phonon modes have different temperatures at the
same location, being consistent with the MD simulation re-
sults [26]. Second, in both cases, the temperature of the
ballistic phonon deviates the most from the lattice temperature
and has a nearly flat profile, i.e., a small temperature gradient.
Third, the temperature at the boundary (on the hot side) of
each phonon mode increases monotonically with decreasing
MFP, i.e., phonons that are more diffusive have larger temper-
atures on the hot side and lower temperatures on the cold side.
Last, the two cases give similar lattice temperatures.

Meanwhile, the two cases exhibit key differences, which
are described as follows. The case without the phonon-
phonon coupling [Fig. 1(a)] shows that the phonon tempera-
ture gradient increases monotonically with decreasing MFP,
i.e., the temperature gradients have the order ∇Tdiffusive >

∇Tsemiballistic ∼ ∇TL > ∇Tballistic. This is because the phonons
that are more ballistic have longer MFPs and less collision or
energy loss after traveling for a given distance. For example,
the ballistic mode with MFP = 100 nm will have only 0.2 col-
lisions (on average) during the travel through the 20-nm-thick
silicon film, and its energy loss is small, and equivalently,

104310-2



NONEQUILIBRIUM PHONON TRANSPORT INDUCED BY … PHYSICAL REVIEW B 104, 104310 (2021)

FIG. 1. The dimensionless phonon temperature T ∗ = (Tλ − T2)/(T1 − T2) for silicon thin film (L = 20 nm) vs dimensionless position x/L
for the cases (a) without and (b) with the phonon-phonon coupling effect.

the temperature gradient is small. In contrast, the modes with
MFP = 5 and 1 nm will have 4 and 20 collisions during the
travel, respectively. As a result, their temperature gradients are
large. This analysis was done based on the assumption that
those phonon modes with different MFPs do not interact with
each other [30,31].

However, after including the phonon-phonon coupling
[Fig. 1(b)], we find that the phonon temperature gradient
does not increase monotonically with decreasing MFP. It is
the semiballistic mode rather than the diffusive mode that
shows the largest temperature gradient [30,31]. As shown

in Fig. 1(b), the order of temperature gradients becomes
∇Tsemiballistic > ∇Tdiffusive = ∇TL > ∇Tballistic. The tempera-
ture of the diffusive mode overlaps with TL quickly after it is
emitted from the thermal boundaries. This is understandable
since diffusive phonons have frequent collisions with other
modes, and their temperatures can be quickly equilibrated
with the lattice temperature after traveling for a few MFPs. In
the case shown in Fig. 1(b), the diffusive mode has a MFP =
1 nm, and its temperature merges onto the lattice temperature
at ∼2–3 nm away from the boundaries. The semiballistic
mode in Fig. 1(b) has a larger temperature at the boundary

FIG. 2. Selected nonequilibrium phonon temperatures for the validation of our analytical model on silicon thin film with a thickness (a)
L = 10 nm, (b) L = 100 nm, and (c) L = 500 nm. The gray shaded regions represent the temperatures of other phonon modes.
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FIG. 3. (a) The dimensionless phonon temperature jumps at the boundary �Tλ/(T1 − T2) vs the mode-level Knudsen number Knλ,x =
�λ,x/L for film thicknesses L = 10, 100, and 500 nm. The inset of (a) shows that the �Tλ is extracted by linear fitting of the central part of the
temperature profile. (b) The correspondence coefficient β between the nonequilibrium phonon temperature and phonon mean free path (MFP)
spectra vs the Knudsen number Knλ,x .

than TL (on the hot side), and its temperature also tends to
merge onto TL after it is emitted from the boundaries. How-
ever, collisions of semiballistic phonons with other phonon
modes are not frequent enough for them to merge onto TL as
the diffusive mode does. As a result, the temperature gradient
of the semiballistic mode is larger than ∇TL. In contrast to
the diffusive and semiballistic modes, the ballistic modes have
even fewer collisions and still behave similarly to the case
without the coupling because those modes do not have strong
phonon-phonon coupling. Overall, the average of ∇Tballistic,
∇Tsemiballistic, and ∇Tdiffusive of all the hundreds of phonon
modes is equal to ∇TL. Our phonon BTE has been verified
by the nonequilibrium MD [8]. It is also exciting to compare
the simulation results with experiments when experimental
techniques are available in the future.

III. ANALYTICAL MODEL FOR PHONON
TEMPERATURE PROFILES

To further understand and quantitatively predict the phonon
nonequilibrium temperatures in a simple way instead of solv-
ing the complicated mode-resolved BTE numerically, we
derived an analytical model for the nonequilibrium phonon
temperatures by assuming that the lattice temperature TL

is linear and known (see Appendix B for the details of
derivation). The modal phonon temperature can be written
as

Tλ = TL + 1

2

[
A exp

(
− x

�λ,x

)
+ B exp

(
x − L

�λ,x

)]
, (1)

where A = T1 − b + a�λ,x and B = T2 − b−aL − a�λ,x with
a and b determined by the lattice temperature TL = ax + b.
Here, �λ,x is the phonon MFP component projection along
the temperature gradient direction. The lattice temperature TL

can be obtained by the semi-analytical solution in the work
of Hua and Minnich [29], MD simulations [43], or directly
from experiments [44]. To validate our analytical model, we
compare the results predicted by the present model with
those obtained from the numerically solved BTE. The lattice
temperature is extracted from the numerical results, and the

MFPs of the phonon modes are the same as those used in the
numerical solver. In Fig. 2, we present results for silicon films
with three thicknesses (L = 10, 100, and 500 nm) and three
selected phonon temperatures (including the temperature with
the largest gradient and smallest gradient) for each thickness.
The shaded regions in Fig. 2 represent the temperatures of
other phonons. Good agreement is achieved for all phonon
modes in all three films.

Equation (1) shows that the nonequilibrium phonon tem-
perature equals the lattice temperature plus an exponential
term A exp(−x/�λ,x ) + B exp[(x−L)/�λ,x]. This exponential
term decays when phonons travel away from boundaries,
and the decay rate is 1/�λ,x. This is because the physical
origin of decay is the phonon-phonon scattering, namely,
the coupling effect. Figure 1 shows a trend of diffusive
phonon temperatures decaying to the lattice temperature
near the boundaries, which is consistent with Eq. (1). For
diffusive phonons, the exponential term A exp(−x/�λ,x ) +
B exp[(x−L)/�λ,x] quickly decays to zero due to the small
phonon MFP. Thus, the diffusive phonon temperatures quickly
decay to the lattice temperature, which leads to a lower
temperature gradient than the semiballistic phonon temper-
atures, as shown in Fig. 1. The rapid temperature decay
also indicates that the diffusive phonons are strongly cou-
pled with other phonons. As the phonon MFP increases, the
exponential term becomes dominant and slowly decays due
to the weak coupling effect, causing the phonon temperature
to become almost linear, like the phonon temperature without
coupling. For ballistic phonons, the large phonon MFP causes
the phonon temperature to be reduced to Tλ = aL/2 + b at the
Casimir limit [9].

IV. REVISED MODEL FOR PHONON
TEMPERATURE GRADIENTS

It is of great interest to predict temperature gradients of
phonons using their MFPs. Assuming there is no phonon-
phonon coupling effect, Maassen and Lundstrom [31] have
developed the following equation for model temperature
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FIG. 4. Comparison of the correspondence coefficient β between our analytical model and the finite volume method (FVM) Boltzmann
transport equation (BTE) results for (a) L = 10 nm, (b) L = 100 nm, and (c) L = 500 nm. The dashed lines represent β = 2, i.e., without the
phonon-phonon coupling effect.

distribution:

T1 − T2

2�Tλ

= 1 + 1

βKnλ,x
, (2)

where Knλ,x is the Knudsen number and is equal to �λ,x/L.
Here, �Tλ is the phonon temperature jump at boundaries. The
coefficient β = 2 is a constant for all phonons [31,45]. This
indicates that the phonon temperature jumps increase mono-
tonically with MFPs, as already shown in Fig. 1(a). Based
on this, the inverse mapping can be adopted to reconstruct
the phonon MFP distribution from the nonequilibrium tem-
perature [26]. However, based on the discussions above, the
mapping needs to be corrected due to the significant phonon-
phonon coupling effect.

Figure 3(a) shows the dimensionless phonon temperature
jumps �Tλ/(T1 − T2) vs the modal Knudsen number Knλ,x

for films with thicknesses L = 10, 100, and 500 nm (sym-
bols) when considering the phonon-phonon coupling. The
phonon temperature jumps are extracted by linearly fitting
the central part of the phonon temperature (x/L from 0.4
to 0.6), as shown in the inset of Fig. 3(a). Meanwhile,
the predicted phonon temperature jumps without considering
the coupling (i.e., from Eq. (2) with β = 2) is also plotted

as the black solid curve in Fig. 3(a). The phonon temper-
ature jumps without coupling approach zero for diffusive
phonons and monotonically increase as the phonon transport
becomes more ballistic until it reaches the Casimir limit [9].
When considering the phonon-phonon coupling effect, �Tλ

of the ballistic phonons remains close to the values without
coupling due to a weak coupling effect. However, in the diffu-
sive regime, �Tλ for these three films all obviously deviate
from the values without coupling and increase back to the
lattice temperature jumps [as shown by the brown dashed
lines in Fig. 3(a)] because of the strong coupling with other
phonons.

The correspondence coefficient β is also affected by the
phonon-phonon coupling [Fig. 3(b)]. Instead of a constant,
the correspondence coefficient β remains ∼2 for ballistic
phonons and sharply increases for diffusive phonons. The
reason is that �Tλ of diffusive phonons approaches a constant
corresponding to the lattice temperature jump at the bound-
ary, as shown in Fig. 3(a). For different film thicknesses,
the trends of �Tλ and β are similar, which all converge to
the values without coupling in the ballistic transport regime
and deviate from it in the diffusive transport regime. Based
on the analytical expression of the nonequilibrium phonon
temperature [Eq. (1)], we can derive a quantitative description
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of the correspondence coefficient β:

β = 1

Knλ,x

T1 − T2 + aL − 5
2 (A − B)

[
exp

( −2
5Knλ,x

) − exp
( −3

5Knλ,x

)]
−aL + 5

2 (A − B)
[
exp

( −2
5Knλ,x

) − exp
( −3

5Knλ,x

)] . (3)

The parameters A = T1 − b + a�λ,x and B = T2 −
b−aL − a�λ,x are determined by the lattice temperature
and the phonon MFP. As shown in Fig. 4, the results from
this analytical expression Eq. (3) (solid lines) agree well with
that of the FVM BTE results (square symbols). This indicates
that our analytical model provides the correct and quantitative
mapping from the phonon MFP spectra to the nonequilibrium
phonon temperature.

The inverse process of this mapping (from the nonequi-
librium phonon temperature to the phonon MFP spectra)
can be applied to the MFP spectroscopy [26]. The cor-
rected correspondence coefficient β from our analytical model
can be used to accurately reconstruct the phonon MFP
distribution.

V. SUMMARY AND CONCLUSIONS

In summary, we have studied the modal nonequilib-
rium phonon temperatures across thin films based on the
mode-resolved phonon BTE. Considering the effect of
phonon-phonon coupling, we find that the phonon tempera-
ture gradients do not increase monotonically with decreasing
phonon MFP as understood in the literature, i.e., ∇Tballistic <

∇Tsemiballistic ∼ ∇TL < ∇Tdiffusive. Instead, phonon temper-
ature gradients still increase with decreasing MFP in the
ballistic regime but reach the maxima in the semiballistic
regime and then decrease to the lattice temperature in diffusive
regime due to the strong phonon-phonon coupling. A simple
analytical model is derived to predict the modal phonon tem-
perature gradient ∇Tλ based on the phonon MFP �λ,x with
similar accuracy as solving the complicated mode-resolved
BTE numerically. Our analytical model shows that the phonon
temperature exponentially decays to the lattice temperature
from the boundaries. The different decay rates cause the
nonequilibrium thermal transport and represent the strength
of the coupling with other phonons. Our analytical model also
provides the correct mapping from the nonequilibrium phonon
temperature to the phonon MFP spectra. The inverse mapping
can be applied to the MFP spectroscopy, i.e., reconstructing
the phonon MFP distribution from the phonon temperature.
This paper provides significant insight into nanoscale thermal
transport through crystalline materials and will have a great
impact on the study of thermal management of electronics.
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APPENDIX A: THE MODE-RESOLVED PHONON BTE
AND NUMERICAL TREATMENT

The steady-state mode-resolved phonon BTE
[19,27,37,40] is given by

vλ · ∇eλ =
(

∂eλ

∂t

)
scatter

, (A1)

where eλ is the phonon energy distribution function. Here, vλ

is the group velocity of phonon modes, which is assumed to
be isotropic. Also, (∂eλ/∂t )scatter is the phonon scattering term
[6]. The subscript λ in the main text and appendixes represents
two phonon modes with specific wave vector q and −q and the
same branch j. Due to the complexity of the rigorous form,
the scattering term of the BTE is commonly simplified by the
relaxation time approximation, which is valid for silicon [37]:

vλ · ∇eλ =
(

eλ − e0
λ

τλ

)
, (A2)

where τλ is the relaxation time which is the average time
between two subsequent phonon-phonon collisions and is a
measure of the time required for a nonequilibrium system
to relax to an equilibrium state [1]. Here, e0

λ in Eq. (A2) is
the phonon energy density at the equilibrium state charac-
terized by the lattice temperature TL(TL = 4πe0

λ/Cλ), i.e., the
common equilibrium temperature that all phonon modes are
coupled with. For circumstances without coupling, equilib-
rium states of phonons with different MFPs are characterized
by different temperatures and are independent of each other.
According to the energy conservation rule [37], the integration
of the scattering term over the angular space and phonon
frequency should be zero, i.e.,

∫
4π

∑
p

∫ ωmax

ωmin

e0
λ − eλ

τλ

dω d
 = 0. (A3)

Equation (A3) illustrates the relation between e0
λ and the

modal phonon energy distribution eλ. Thus, after solving the
BTE and obtaining the eλ, we can calculate the lattice temper-
ature TL(TL = 4πe0

λ/Cλ) from

TL =
∫

4π

∑
p

∫ ωmax

ωmin

eλ

τλ
dωd
∑

p

∫ ωmax

ωmin

Cλ

τλ
dω

. (A4)

The properties vλ, Cλ, and τλ of each phonon mode are
obtained from the first-principles calculations and are taken
as inputs to solve the phonon BTE. Phonon group velocity
vλ and heat capacity Cλ are calculated from the harmonic lat-
tice dynamics using second-order interatomic force constants
(IFCs) in QUANTUM ESPRESSO, and the relaxation time τλ is
calculated from the anharmonic lattice dynamics which takes
both second- and third-order IFCs and applies the single mode
relaxation time approximation method to calculate the phonon
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scattering rate in SHENGBTE [46]. Only three-phonon scatter-
ing processes are considered in our calculation. We use 30 ×
30 × 30 q points to sample the Brillouin zone. Details of the
first-principles calculations can be found in Refs. [6,41,42].

After obtaining the inputs, we use the deterministic solu-
tion to solve the mode-resolved phonon BTE in this paper.
For numerically solving the mode-resolved phonon BTE, it is
not necessary to sample all phonon modes in first-principles
calculations [37]. We divided the phonon MFP spectra into
100 phonon bands based on a convergence test. We applied
the discrete ordinates method to divide the angular space,
and the FVM is adopted for spatial discretization [33,37]. We
use 16 angles and 1000 cells in our calculations based on
a convergence test. Further detailed numerical methods for
solving the phonon BTE can be found in previous studies
[19,27,37,40].

APPENDIX B: THE ANALYTICAL MODEL

We start with the steady-state mode-resolved phonon BTE
with the energy form under the relaxation time approximation
for a one-dimensional cross-plane problem:

vx
∂eλ

∂x
= e0

λ(TL ) − eλ

τλ

, (B1)

where vx is the projection of the group velocity vλ along the
cross-plane direction. Since Eq. (B1) is a first-order inhomo-
geneous differential equation, the general solution is

eλ =
[
φ + 1

4π

Cλ

�λ,x

∫
TL exp

( |x − xB|
�λ,x

)
dx

]

× exp

(
−|x − xB|

�λ,x

)
, (B2)

where �λ,x is the phonon MFP component projection along
the cross-plane direction. Here, xB is the location of the
boundary. Also, φ is determined by the thermalizing bound-

aries conditions:

eλ(x = 0) = e0
λ(T1),

eλ(x = L) = e0
λ(T2). (B3)

Then the temperature of the phonon mode is given by Tλ =
4πeλ/Cλ.

We define the direction of phonon transport from the hot
end to the cold end as positive and the opposite as negative.
Thus, we average the temperature of phonon modes with the
corresponding positive and negative directions, i.e., with wave
vectors q and −q, which gives the modal phonon temperature
as

Tλ = 1

2

{[
4πφ0

Cλ

+ 1

�λ,x

∫
TL exp

(
x

�λ,x

)
dx

]
exp

( −x

�λ,x

)

+
[

4πφL

Cλ

− 1

�λ,x

∫
TL exp

(
L−x

�λ,x

)
dx

]
exp

(
x − L

�λ,x

)}
.

(B4)

Then we linear fit the lattice temperature distribution and
simplify it into TL = ax + b. This simplification is reasonable
since it is the temperature gradient that we care about. Thus,
applying TL = ax + b to the boundary conditions, we obtain

φ0 = Cλ

4π
(T1 − b + a�λ,x ),

φL = Cλ

4π
(T2 − b − aL − a�λ,x ). (B5)

Therefore, the modal phonon temperature is reduced to

Tλ = ax + b + 1

2

[
A exp

( −x

�λ,x

)
+ B exp

(
x − L

�λ,x

)]
,

(B6)

where A = T1 − b + a�λ,x and B = T2 − b−aL − a�λ,x.
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